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Chapter 3

Abstract

A central question of microbiology is how evolution shapes physiology. Chemostats
are extensively used to study various aspects of microbial evolution in a laboratory
setting. Despite their apparent simplicity, there is a remarkable complexity to the evo-
lutionary dynamics in such a devise; in part due to feedback of the microbial
physiology on the conditions in the chemostat. This hinders an intuitive understand-
ing. A solid theoretical framework of the selective pressures and optimal
evolutionary strategies in this evolutionary setting is required. One aspect of this the-
ory should address the impact of protein economy on evolution as this is such an
important component of microbial fitness, both in chemostats and in other environ-
ments. Here, we present a theory of optimal enzymatic resource allocation in a
chemostat environment. We show what the general characteristics are of an optimal
evolutionary strategy. We relate selection coefficients to the optimal enzyme levels.
Furthermore, we show that an optimal metabolic strategy must be an Elementary
Flux Mode, which can be interpreted as a pure metabolic strategy, such as respiration
or fermentation; but not respiro-fermentation. We use our results to characterise the
optimal states and evolutionary dynamics of a coarse-grained model of yeast physiol-
ogy and growth. We illustrate that, perhaps counter-intuitively, an evolutionary
stable state must be the coexistence of two different metabolic strategies. By simulat-
ing an evolutionary experiment, we show that, as predicted by our formalism,
speciation of a respiro-fermentative strain into a strictly fermenting and a strictly
respiring strain might occur in a chemostat. Our results connect a kinetic, mechanis-
tic view of metabolism with cellular physiology and evolutionary dynamics. They
provide a theoretical framework for reasoning about selection and interpreting
evolution experiments in a chemostat device.

3.1 Introduction

For unicellular organisms, each cell doubling yields an offspring, increasing the
genetic diversity and contributing to outgrowth of competitive genotypes. As a result,
growth rate and fitness are intimately related. The specific growth rate is, by definition,
the rate of biomass synthesis per unit of biomass. This implies a strong selective pressure
on the efficient usage of biomass, which in turn requires optimisation of the allocation
of biosynthetic resources over protein synthesis. Indeed, expression of non-functional
proteins has been shown to reduce growth-rate in batch [41, 46] and incur a fitness
cost in chemostat conditions [20, 40, 45, 47, 48]. Moreover, deviations from wild type
enzyme expression levels reduces fitness [24, 25]. This suggests that, in addition to a
catalytic benefit, there is a cost associated with enzyme expression. The importance
of the cost and benefit of enzyme expression is apparent from the seminal study by
Dekel and Alon [23], where they showed that within 500 generations Escherichia coli
evolved its lac operon to attain predicted, environment-dependent optimal expression
levels. The optimal levels were predicted by measuring the cost and the benefit of lac
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Evolutionary pressures in the chemostat

operon expression separately. As it turns out, in the chemostat for Escherichia coli, the
main fitness cost of (unnecessary) protein production is in the process of making them
[20]. Together, these studies highlight the importance of the allocation of biosynthetic
resources for fitness, thereby shaping the cellular physiology.

From a resource allocation perspective, there are two aspects to the maximisation
of growth rate: Which enzymes should optimally be expressed and to what concentra-
tion? In two recent publications, we have studied these aspects. The first question
pertains to the choice of metabolic “strategy”, i.e., which pathways should be ex-
pressed under the prevailing conditions? For example, should a yeast cell adopt a
respiratory or a fermenting mode of metabolism, or a combination thereof? We re-
cently showed that a growth maximising metabolic strategy always is a so-called
Elementary Flux Mode (EFM) [37]. An EFM is a minimal “route” through a
metabolic network able to operate at steady state; no reaction can be removed while a
flux is maintained. In a sense, an EFM is a “pure” metabolic strategy, e.g., fermenta-
tion or respiration, but not respiro-fermentation. The second question pertains to the
biosynthetic cost and catalytic benefit of the different enzymes within a pathway.
Recently, we proposed a general definition for the benefit and cost of enzyme expres-
sion and showed that maximisation of benefit minus cost for each enzyme maximises
the growth-rate [68]. It was shown that the optimal enzyme concentration, as a
fraction of the total enzyme concentration, must equal that enzyme’s flux control co-
efficient as defined in metabolic control analysis [21, 57]. However, both these studies
assumed growth in a constant environment, where there is no feedback from the
organism on its environment. This is realistic during exponential growth in batch cul-
ture, at low biomass concentration, but it is not a valid assumption for chemostat
experiments. Since chemostats are extensively used to study selection [20, 40, 45, 47,
48] and evolution [69] (and see [70] for a recent review) of microorganisms in a labo-
ratory setting, a solid theoretical framework of the selective pressures and optimal
evolutionary strategies in this environment is required. In this study, we will extend
our previous work to the setting of a chemostat.

In a chemostat, the steady state growth rate is set by the dilution rate. Therefore,
evolution does not select simply for growth rate maximisation, and it is not straight-
forward to define what an optimal strategy is. However, selection is ultimately
mediated through differences in growth rate, since a mutant will be able to invade a
chemostat only if it grows faster than the population that is already present. Changes
in microbial physiology affect the concentrations of nutrients and waste products in
the environment, and hence feed back on physiology. This complicates the analysis
compared to a batch environment, and leads to surprising outcomes. We therefore de-
fine an optimal phenotype as an evolutionary stable one; i.e., one where no mutant
with a different strategy (or with different enzyme concentrations) can invade. Here,
we set out to answer how selection in a chemostat shapes optimal metabolic strate-
gies and enzyme concentrations. Specifically, we study what the eventual outcome of
evolution in a chemostat is in biochemical terms of metabolic enzyme kinetics and
costs. We formulate general characteristics of these, and relate them to selection coef-
ficients and fitness landscapes. We show that, as in batch, an optimal strategy must
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Chapter 3

be an EFM. While the actual optimal enzyme concentrations can be very different
from those in a batch environment, they share the characteristic that the optimal frac-
tion of an enzyme out of total enzyme must be equal to flux control coefficient. We
will illustrate our results by simulating evolution in a chemostat using a self replica-
tor model of Saccharomyces cerevisiae, inspired by the one first developed by Molenaar
et al. [15]. We show that, due to negative frequency dependent selection, an evolu-
tionary outcome can be the coexistence of a purely fermenting and a purely respiring
strain. Such coexistence cannot occur during prolonged repeated-batch growth.

3.2 Results

Model Description

In this work we will derive results that are generally valid for optimising specific
fluxes of metabolic networks of arbitrary size and complexity. A specific flux is
defined as a flux per unit enzyme, and the specific growth rate is equivalent to the
specific biomass synthesis flux in gram biomass

gram biomass⇥hr . We will illustrate our results, and
some of the implications they have, with a course-grained whole cell model of yeast
in a chemostat environment. In this section we will briefly discuss the general ideas
behind the model. For details and a mathematical description of the model we refer
to appendix 3.B.

A self replicator model of yeast

The basic idea behind our model is that it is a self contained representation of cellular
growth. The model is coarse grained, meaning that a large number of reactions are
“lumped” into a single rate equation.

The model consists of glucose transporters, glycolysis, a fermentative and a respi-
ratory pathway, and ribosomes (Figure 3.1 A). Glucose is transported into the cell by
the transporters, after which it is metabolised by glycolysis, yielding two pyruvate
and two ATP. Pyruvate is used as a precursor for biomass synthesis by the ribosomes.
However, this requires 2.4 ATP per pyruvate. Since, more ATP is required per pyru-
vate in biomass synthesis than is produced in glycolysis, more ATP needs to be gen-
erated to ensure a balance between ATP production and consumption. This can be
achieved by additional uptake of glucose, which is then further metabolised either
via fermentation or respiration. In fermentation, pyruvate is discarded in the form
of ethanol, yielding one ATP per pyruvate from glycolysis. The respiratory pathway
completely metabolises pyruvate to CO2, which generates an additional 9 ATPs per
pyruvate. As such, the model has two EFMs, which we refer to as the respiratory and
the fermentative strategy (Figure 3.1 B and C).

The ribosome synthesises all the proteins that make up a cell, including itself.
Since this implies a constant increase in biomass, the cellular volume needs to increase
proportionally, so as to keep the biomass density constant. The increase in cellular
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Figure 3.1. Self replicator model of a S. cerevisiae cell. This modular model captures the main metabolic
pathways of a S. cerevisiae cell. Glucose is transported into the cell by the HXT-transporter, and is
subsequently metabolised to pyruvate by glycolysis. Next, pyruvate can serve as a precursor for biomass
formation by the ribosome, or it can be further metabolised through either fermentation or respiration,
the latter yielding additional ATP. The model has two Elementary Flux Modes, a fermentative (B) and a
respiratory (C) one.

volume, per unit biomass, is interpreted as the specific growth rate, µ. The relative
concentration of each enzyme is controlled by the fraction of ribosome dedicated
to the synthesis of that enzyme. The specific growth rate depends on the enzyme
concentrations. For instance, when the ribosome concentration is very low, there will
not be enough biosynthetic capacity to attain a high rate of biomass synthesis. On the
other hand, when the ribosome concentration is very high, there will not be enough
metabolic resources to provide the ribosomes with sufficient ATP and pyruvate to
function efficiently. Thus, each enzyme has to attain an optimal concentration that
maximises the growth rate. Which particular enzyme concentrations are optimal
depends on the residual glucose and ethanol concentrations.

In our model, ethanol inhibits the fermentative flux, but not the respiratory one.
High ethanol concentrations could inhibit the growth of all yeast cells, but experimen-
tal results suggest a stronger inhibition on (partially) fermenting strains [71]. While
respiration generates more ATP per glucose molecule, it is also more costly in terms
of enzymes required to catalyse the pathway flux. Which of these pathways is more
efficient depends on the extracellular conditions, such as the glucose and ethanol con-
centrations. The cell can employ a either purely fermentative strategy, a purely respi-
ratory one, or any combination thereof.

The parameters of our model are as much as possible based on literature (cf.
Table 3.1). The relative biosynthetic costs of different pathways are estimated based
the number and size of the different enzymes in the pathway. Since turnover numbers
of all enzymes are not available, we estimated a pathway turnover number that
is equal for each pathway. We fitted this parameter such that the model had a
realistic maximal growth rate. There are additional costs for respiration, such as the
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maintenance of mitochondria and damage due to reactive oxygen species. This second
parameter we also fitted to ensure a switch in optimal strategy from respiration at
low glucose concentrations to fermentation at high glucose concentrations.

Chemostat Model

In a chemostat, medium enters and leaves the vessel at a fixed dilution rate D, which is
set by the experimenter. The medium is composed such that one nutrient will become
growth limiting. In our model the growth limiting nutrient is glucose. Biomass
will accumulate until the glucose concentration in the vessel is depleted to such an
extent that it limits the growth rate of the cell to the dilution rate. In this way it is
possible to set the steady state growth rate of the cells in the vessel. We use the self
replicator model discussed above to calculate the growth rate of cells as a function
of enzyme levels and of the glucose and ethanol concentration. In this way, we can
relate the kinetics of metabolism and growth to the dynamics of biomass density in
the chemostat.

Cells that ferment produce ethanol, which in turn inhibits fermentation. Since
more fermenting cells produce more ethanol, there is negative frequency dependent
selection in our model. The steady state biomass density, and the glucose and ethanol
concentrations in the chemostat vessel are all interdependent. Ultimately, they depend
on the dilution rate, the glucose concentration in the feed, and the growth properties
of the organisms in the vessel.

Optimal Strategies Must be Elementary Flux Modes

As stated in the introduction, in a constant but otherwise arbitrary environment, a
growth maximising strategy is always a so called Elementary Flux Modes (EFM) [37,
72]. A metabolic network typically has many EFMs, and which particular one is
optimal depends on the environmental conditions and metabolic enzyme kinetics.

A chemostat is not a constant environment, as changes in microbial physiology
affect for instance the residual substrate concentration in the vessel. However, as
selection in the chemostat is ultimately mediated through differences in growth
rate, any optimal strategy in a chemostat must be an EFM. This can be shown by
a “Gedankenexperiment”. Suppose the optimal strategy is not an EFM. When the
vessels is in steady state (and hence the environment is constant), there must be an
alternative strategy (an EFM) that can grow faster under the prevailing conditions. A
mutant employing this strategy will outcompete the resident (and in doing so affect
its own environment). Hence, a non-EFM strategy cannot be an optimal strategy.

Our self-replicator model has two EFMs: A purely fermentative strategy and a
purely respiratory strategy. The reasoning above implies that a respiro-fermentative
strategy cannot be an optimal strategy, as this is not an EFM. However, we will later
show that the optimal strategy need not be simply a single EFM. This means that there
are situations were neither a purely fermentative, nor a purely respiratory strategy
alone is optimal.
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Metabolic Control Analysis, Selection Coefficients and Optimal
Enzyme Concentrations

Having established that if an optimal strategy exist, it must be an EFM, the next
question to address is what the optimal enzyme concentrations are. Since the specific
growth rate of a cell is by definition the rate of biomass synthesis per unit biomass, there
is a cost associated with maintaining high concentrations of any particular enzyme.
Doubling the amount of a certain enzyme might enhance the rate of biomass synthesis.
However, it will also increase the amount of biomass that needs to be synthesised to
produce one offspring. Hence, increasing the concentration of a particular enzyme can
either increase or decrease fitness, and there exists a fitness-optimising concentration
for each enzyme.

Selection between two species or mutants in a chemostat is typically quantified
by the selection coefficient S , which is the time derivative of the ratio of biomass
densities [73]. For convenience, it can be normalised to the dilution rate D. The
selection coefficient Sy,xof a mutant y, with a perturbation in the concentration of
enzyme i compared to a resident x, ei ! ei + dei, is given by (cf. appendix 3.A)

Sy,x ⌘ 1
D

d
dt

ln
y
x

=

✓
C Jbm

ei � ei
etot

◆
dei
ei

(3.1)

where C Jbm
ei is the flux control coefficient of enzyme i on the rate of biomass formation

Jbm. There is thus a direct relation between the control coefficient, the (relative)
enzyme concentration and the selection coefficient. Intuitively, this result can be
interpreted as follows: if, when increasing the concentration of enzyme i by 1%, the
relative increase in the biosynthetic flux (measured by C Jbm

ei ) outweighs the relative
increase in total biomass (measured by ei/etot), increasing the concentration of ei will
have a positive effect on fitness.

Equation (3.1) is only strictly true for infinitesimal changes in enzyme levels.
However, for moderate changes it might still be a good approximation of the rate
at which a mutant might take over the chemostat. To test this, we calculated the
steady state of a chemostat with a single strain present, the “resident”, for which
we used arbitrarily chosen enzyme concentrations, and we calculated the selection
coefficient for each enzyme. The highest absolute selection coefficient was found for
e f erm, with S(de f erm) = �0.06 · de f erm/e f erm, indicating that fitness can be increased
by decreasing the expression of e f erm. We used this to predict the rate at which a
mutant with a 10% reduction in e f erm would take over the chemostat:

d
dt

mutant
resident

⇡ DS
dei/ei

= 0.006D (3.2)

We compared this predicted wash-in rate with a simulation of the chemostat dynam-
ics (Figure 3.2). The good agreement between these indicate that equation (3.1) is in-
deed a good estimate selection coefficient for non-infinitesimal changes in enzyme
concentrations.
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Figure 3.2. The selection coefficient estimated from control coefficients gives a good estimate of the
rate at which a mutant takes over the chemostat. This figure shows the logarithm of the biomass ratios of
a resident and a mutant (black line). The mutant has a 10% reduced e f erm, but is otherwise equivalent to the
resident. The selection coefficient, calculated from equation (3.1), can be used to “predict” the rate at which
the mutant accumulates (grey dashed line). While this equation is technically only valid for infinitesimal
changes in enzyme level, the result gives a good approximation of the rate at which a mutant takes over
the population for more substantial changes in enzyme levels.

For an optimal distribution of enzyme concentrations the selection coefficient of
each mutation must be zero. Hence, for an optimal phenotype it must hold for each
enzyme that:

C Jbm
ei =

ei
etot

8i. (3.3)

Interestingly, this is the same condition for optimality as found by Berkhout et al. for
growth in batch [68]. This result was previously derived by Klipp and Heinrich [64],
albeit in a slightly different context.

Since the flux control coefficients ultimately also depend on the substrate concen-
tration in the chemostat, these equations do not fully determine the optimal state.
Additionally, the substrate and product concentration, and the total biomass density,
should be in steady state. (Ultimately, these all depend on the dilution rate and the
nutrient concentration in the feed.) Indeed, when all relative enzyme levels are set
equal to their flux control coefficient, there is no alternative distribution of enzymes
within that EFM attaining a growth rate higher than the dilution rate (Figure 3.3). In
other words, when condition (3.3) is met, no mutant can outgrow the resident and
thereby invade. For details on how to find the optimal state in a chemostat, see
appendix 3.B.

It is also possible to relate the above results to concentration control coefficients
of enzymes on the substrates and products in chemostat. For each enzyme it must
generally hold that (cf. appendix 3.A):

C Jbm
ei � ei

etot
= �RJbm

s Cs
ei

� RJbm
p Cp

ei (3.4)

Where RJ
x is the response coefficient of the biomass synthesis flux to a change in

the concentration of substance x in the chemostat, and Cx
ei

the concentration control
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Figure 3.3. Characteristics of optimal enzyme levels. Panel A and B show the growth rate and the flux
control coefficient as a function of the relative concentration of fermentation and respiration enzymes,
respectively. The optimal state (indicated by the green vertical line) is used as reference. While varying
these, all other enzyme levels, as well as glucose and ethanol concentrations, were kept constant. This
implies a chemostat that is not at steady state for deviations from the reference state. Since the growth rate
is highest in the reference state (when CJbm

ei = eei /etot) no mutants can invade.

coefficient of enzyme i on substance x, i.e., the percentage change in x when ei is
perturbed and a new steady state is reached. This implies for the optimum:

RJbm
s Cs

ei
= �RJbm

p Cp
ei . (3.5)

Note that RJbm
s and RJbm

p , but also Cs
ei

and Cp
ei , have opposite signs, and hence the

LHS and RHS of equation (3.5) have opposite signs. Since RJbm
s and RJbm

p can never
be strictly zero, this implies that the optimal strategy is characterised by Cs

ei
= 0 and

Cp
ei = 0, i.e., the substrate and product concentration both have an extreme. Logically,

the substrate concentration will have a minimum and the product concentration
a maximum. The yield of an EFM is fixed, so minimising the residual glucose
concentration is also equivalent to maximising the biomass concentration in the
chemostat.

Invasion by Alternative Strategies Shows That A Single Optimal
Strategy Need Not Exist

While it might be tempting to conclude from the argumentation above that an evo-
lutionary stable strategy must be either a purely fermentative or a pure respiratory
strategy, this is not the case. This can be seen from Figure 3.4 A and B, which shows
the time evolution of the total biomass density of a fermenting strain and a respir-
ing strain being invaded by an alternative strategy, respectively. For t < 0 there is
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Figure 3.4. Respiring cells can invade in a chemostat with an optimised fermenter resident, and vice
versa. The resident is restricted to particular phenotype, but otherwise optimised for the conditions that
the chemostat is operating at (D = 0.3hr�1 and glu f eed = 111mM). This means that no other fermenting
strain can invade in the chemostat where the fermenter is the resident, and similarly for the respiring strain.
A and B At t = 0 a “mutant” of opposite metabolic strategy appears that settles in the chemostat, but
does not take over completely. This indicates that (under these conditions) there is not a single optimal
strategy in this chemostat. C and D The potential of opposing strategies to invade is clear from the fitness
landscapes, which show the difference in growth rate, relative to the dilution rate, as a function of the
relative flux trough respiration. When a respirer (fermenter) is the resident, more fermenting (respiring)
strategies have a positive selection coefficient, indicating that they have the potential to invade.

only one strain present in the vessel, the resident. The residents employ the optimal
fermentative and respiratory strategy, respectively. At t = 0, a mutant with the op-
posing strategy appears. When the resident is a fermenting strain, a respiring strain
can invade. Similarly, a fermenter can invade a population of purely respiring cells.
These invaders will not take over completely, but a coexistence of two strains will
arise. Both the optimal fermenting strategy and the optimal respiring strategy can be
invaded.

The origin of this mutual potential for invasion can perhaps best be illustrated
by fitness-landscapes, defined as the dependency of the selection coefficient on the
enzyme concentrations and metabolic strategy. Figures 3.4 C and D depict the
selection coefficients of mutants when the resident is either a respiring (C) or a
fermenting (D) strain. A phenotype with a selection coefficient > 0 can invade.
However, by invading, the mutant will affect the conditions in the chemostat, and
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hence change the shape of the fitness landscape. For instance, when a fermenter
invades, the concentration of ethanol in the vessel will increase, reducing the fitness
advantage of the fermenting strategy until the ethanol concentration is such that the
growth-rate of the fermenters is equal to the dilution rate and a new steady state
is reached. Thus, due to negative frequency dependent selection on a fermentative
strategy, a coexistence between two phenotypes will result.

This illustrates that, under some conditions, an evolutionary stable situation is
one in which a purely fermenting and a purely respiring strain coexist. Whether or
not such a mixed population is the evolutionary stable state depends on the dilution
rate and the glucose concentration in the feed. To see why this is the case, it is
instructive to consider the growth rate of the (optimised) strains as a function of
glucose concentration, in the absence of ethanol (Figure 3.5 A). We can distinguish
three phases in this figure. In phase I, at low growth rates, respiring strains require
a lower glucose concentration to attain a particular growth rate. Dilution rates
corresponding to this phase do not allow for coexistence, because even in the absence
of ethanol respiring strains will outgrow fermenting ones. At high growth rates
(phase III) coexistence cannot occur because respiring strains will wash out. Phase
II is characterised by growth rates below the µmax of the respiring strain, but where
in the absence of ethanol, the fermenting strains will outcompete them. This has the
potential for stable coexistence. Fermenting cells initially outgrow respiring cells,
which will lead to the accumulation of ethanol, inhibiting their growth. Whether or
not the ethanol will accumulate enough to prevent the fermenting cells to outcompete
the respiring cells completely depends on the glucose concentration in the feed. If
this is low, resulting in a low biomass concentration, ethanol will not accumulate to
levels high enough to substantially inhibit the growth of the fermenting cells and a
single fermenting strategy will be optimal. At higher feed concentrations ethanol will
start to inhibit the fermenting cells and a stable coexistence will arise. The regions
where coexistence can and cannot occur are indicated in Figure 3.5B. A mathematical
derivation of the conditions for stable coexistence can be found in appendix 3.B.

We note that the conclusion that the optimal state maximises the total biomass
density in the vessel, does not hold in this case. This is because this conclusion
depends on the fact that the yield of biomass on substrate is constant, which is not
true for a mixed population. For instance, when only respiring strains are present,
the biomass density would be higher because respirers have a higher yield.

Evolutionary Dynamics: Sympatric Speciation in the Chemostat

We have shown that under some conditions, for any single strategy there is another
strategy that can invade, which allows for speciation in a chemostat to occur. To
test this, we simulated the evolutionary dynamics in a chemostat, initialised with
a resident employing a mixed, respiro-fermentative strategy. Our simulation is
based similar to the method employed by Beardmore et al. [43]. Technical details
can be found in the appendix 3.B. In short, we divide the population into discrete
phenotypes, ranging from purely fermentative through respiro-fermenters to purely
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Figure 3.5. Requirements for coexistence. A The optimal specific growth rate of a respiring and a
fermenting strain as a function of glucose concentration, in the absence of ethanol. At each glucose
concentration, the optimal enzyme levels are calculated. There is a potential for coexistence in a chemostat
when dilution rate is such that in the absence of ethanol fermenting strains outgrow respiring ones, but
the respirers will not wash out (Phase II). An additional requirement for coexistence is that the glucose
concentration in the feed allows for enough accumulation of ethanol so as to inhibit the growth rate of
fermenting cells to the extent that it equals the growth rate of respiring cells. Panel B shows combinations
of glucose feed and dilution rate where coexistence can occur.

respiratory. For each phenotype, at each moment all enzyme levels are optimised for
the prevailing conditions, under the constraint that the relative flux to ethanol and
respiration is fixed to that belonging to the phenotype. This reflects the assumption
that additional regulatory mechanisms regulate other aspects of the cellular resource
allocation in an optimal way, e.g., the expression of ribosomes. The chance that one
phenotype “mutates” into another decreases exponentially with the distance between
the phenotypes.

The results are depicted in Figure 3.6. We start with an initial population of
respiro-fermenters, which gradually evolve into different strategies. First, increasingly
more fermentative mutants take over the population. As these accumulate, so will
the ethanol concentration in the chemostat, giving more respiring strains a growth
advantage. Indeed, after some time these start to appear. Ultimately, a coexistence
between a respiratory and a fermentative phenotype results that has completely
replaced the initial respiro-fermenter. This illustrates the potential for speciation in a
homogeneous environment due to negative frequency dependent selection.
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Figure 3.6. Speciation in a chemostat environment. These panels show the time evolution of the biomass
density of fermenting, respiro-fermenting and respiring phenotypes in a simulated evolution experiment.
At t = 0 we start with a population of respiro-fermenters. This population is initially partly taken over
by fermenting strains. As the ethanol concentration in the chemostat increases, respiring cells gain an
advantage. Ultimately, the initial population is completely taken over by respiring and fermenting strains.

3.3 Discussion

Here, we studied the expected outcomes of selection and evolution in a chemostat
environment, in terms of allocation of biosynthetic resources to various metabolic
strategies. We showed that, despite difference in the way selection acts in chemostat
and in batch, the general characteristics are very similar. In both cases, an optimal
strategy must be an EFM, and the optimal enzyme concentrations (relative to the to-
tal enzyme concentration) are equal to the flux control coefficients. The difference
between enzyme concentration and control coefficient is directly related to the selec-
tion coefficient of a mutation affecting the concentration in that enzyme. Despite the
similarities in general characteristics, the actual optimal enzyme concentrations can
differ considerably between batch and chemostat.

Coexistence of different phenotypes is often observed in the chemostat [69, 74–
77]. Our results indicate that in this environment coexistence of two or more different
“species” is potentially an evolutionary stable state. Classically, in game-theory, a
population of individuals employing a mixed strategy is equivalent to a coexistence
of two populations employing either pure strategy [78]. Our results indicate that for
the choice of metabolic strategy, this is not the case. The evolutionary stable state
must be a pure strategy or a coexistence of pure strategies, but not of mixed strategies.
A mixed strategy can always be invaded but by either one or several pure strategies.
We used a course-grained self-replicator model of S. cerevisiae to illustrate this, and
showed how speciation can occur in a homogeneous and apparently (but not quite)
constant environment. A similar result has been previously found by Pfeiffer and
Bonhoeffer, who showed that under particular conditions cross-feeders and partial
and complete glucose degraders can co-evolve due to inhibition by and feeding on
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a glycolytic “waste” product [79]. For this result, however, they required particular
assumptions about the toxicity of metabolic intermediates, and they did not model
growth rate directly, but rather equated glycolytic flux to growth rate. They found
pure strategies as outcomes of their evolutionary simulations. Our results indicate that
this must be the case irrespective of the model details, as only these pure strategies
are EFMs. Several other mechanisms have been put forward to theoretically explain
coexistence in a chemostat environment: negative frequency dependent selection
due to auto-inhibition by a waste product [80] as well as inhibition by an “antibiotic”
substance to the feed medium [81] can lead to coexistence of strains with differences
in sensitivity to the inhibitor. Finally, a combination of a rate-affinity and rate-yield
trade-off can lead to coexistence, provided mutations are included in the model [43,
82].

In this work we focussed on the effect of the allocation of biosynthetic resources
on selection in a chemostat, and characteristics of optimal states. Two important
considerations are to be made. The first is that, likely, microbes are not completely
optimised for the chemostat environment, nor is it reasonable to expect that they
are after even a prolonged evolutionary experiment. However, knowing what such
an outcome might possibly be is still important for interpreting (potentially non-
optimal) behaviour of microbes. The second consideration is that selective pressures
on processes other than the allocation of biosynthetic resources are likely also relevant.
For instance, limitations in membrane area could help explain the evolution of cell
size and shape [15]. Besides their concentrations, the catalytic properties of enzymes
might also be subject to selection [5, 6]. An understanding of the intricate interplay
of selective pressures on different aspects of cellular functioning, as well as the
determination of which of these pressures are dominant under what conditions,
requires a proper understanding of how selection acts on each aspect individually.
This work provides a theoretical framework based on the biochemistry of metabolic
networks to elucidate how selection shapes microbial metabolism, a key aspect of
cellular physiology, in a chemostat environment.
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Appendices

3.A Derivations

Selection coefficient of a mutant in a chemostat

Here, we will derive an expression that relates the selection coefficient to the flux
control coefficient and enzyme concentration. Consider a mutant y that just arose in a
population of cells x that were initially in a chemostat in steady state. Generally, the
selection coefficient between two strains x and y, Sy,x, is defined as the time-derivative
of logarithm of the frequencies of x and y [73]. For convenience, it can be normalised
to the dilution-rate of the chemostat, D.

Sy,x =
1
D

d
dt

ln
y
x

=
1
D

(µy � µx). (3.6)

Suppose the mutation only affects the concentration of enzyme ei such that ei !
ei + dei in the mutant y compared to the resident x. This will effect the growth rate
of y, but also that of x through its effect the residual substrate concentration s and,
potentially, on waste product concentration p. Before the mutation arises, it holds that
µ0 ⌘ µ(e, s, p) = D. If we assume that the effect of the mutation is small, we can use
a first order Taylor-expansion around µ0 to approximate the growth rates µx and µy:

µx ⇡ µ0 +
∂µ

∂s
ds +

∂µ

∂p
dp (3.7)

µy ⇡ µ0 +
∂µ

∂s
ds +

∂µ

∂p
dp +

∂µ

∂ei
dei (3.8)

Note that the terms ds and dp are time-dependent. Initially they are equal to zero,
since the mutant has not affected the chemostat yet. They can potentially increase
over time, but will remain small. Hence, to first order, all terms except the last cancel
each other out⇤, from which it follows that:

Sy,x =
ei
D

∂µ

∂ei

dei
ei

(3.9)

By definition, the specific growth rate is the rate of biomass synthesis, Jbm, per unit
biomass,

µ ⌘ Jbm
etot

, (3.10)

⇤These terms cancel because both µx and µy derive from a Taylor expansion around the same point, µ0.
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where etot is the total enzyme content of the cell and we ignore other biomass compo-
nents. Combing equation 3.9 and 3.10, we arrive at:

S(dei) =
1
D

✓
ei

etot

∂Jbm
∂ei

� ei Jbm
e2

tot

◆
dei
ei

(3.11)

=

✓
C Jbm

ei � ei
etot

◆
dei
ei

(3.12)

This remains true during the potential wash-in of mutant y. In the second step we
used that µ = D.

This result can straightforwardly be generalised to a mutation that affects several
(or all) enzyme concentrations; e ! e + de, where e is the vector containing all
enzyme concentrations. In that case:

Sy,x = Â
i

✓
C Jbm

ei � ei
etot

◆
dei
ei

(3.13)

Initial selection coefficient of a mutant against a co-existing strain When the ini-
tial steady state in the chemostat is a co-existence of two species, x and z, one might
also be interested in the selection coefficient of a mutant y, stemming from x, against
z. We know that prior to y arising, µx and µz must be equal to µ0. However, since
∂µz
∂s and ∂µy

∂s are not necessarily equal, these terms do not cancel in the same way as
in equation (3.7). However, initially ds = 0 and dp = 0 and hence equation (3.13) ini-
tially is a good approximation of the selection coefficient of mutant y against resident
z.

The relation between flux and concentration control coefficients

Consider what happens when we perturb the level of enzyme i, ei, of all cells in a
chemostat. This will have some immediate effect on the growth rate of the organism,
which will affect the residual substrate concentration, s, and potentially the product
concentration, p. Eventually, the system will reach a new steady state. However, the
design of a chemostat is such that the growth rate in the initial and final steady state
is equal. This implies the following equality:

0 =
dµ

dei
=

∂µ

∂ei
+

∂µ

∂s
ds
dei

+
∂µ

∂p
dp
dei

(3.14)

where dx
dei

denotes the change in the concentration of x in response to a change in ei
when the system has reached it new steady state. Substituting µ = Jbm/etot, taking the
derivative and reordering terms gives:

1
etot

∂Jbm
∂ei

� Jbm
e2

tot
= � 1

etot

∂Jbm
∂s

ds
dei

� 1
etot

∂Jbm
∂p

dp
dei

.
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Multiplying both sides by eietot/Jbm, this is equivalent to:

C Jbm
ei � ei

etot
= �RJbm

s Cs
ei

� RJbm
p Cp

ei (3.15)

where RJbm
s ⌘ s

Jbm

∂Jbm
∂s and RJbm

p ⌘ p
Jbm

∂Jbm
∂p are the local response coefficients of the

biomass synthesis flux to a change in the concentration of s and p, respectively. Since
s is a limiting substrate RJbm

s is positive and since p is an inhibitor RJbm
p is negative

(or zero for cells not sensitive to p). Furthermore Cs
ei

⌘ ei
s

ds
dei

and Cp
ei ⌘ ei

p
dp
dei

are
concentration control coefficients of ei on s and p, respectively. These are the scaled
change in residual substrate or product concentration in response to a change in the
enzyme concentration, after the chemostat reaches its new steady state.

3.B Model description

In order to illustrate our theoretical results and show what implications they might
have, we have constructed a model of S. cerevisiae in a chemostat environment. Our
model can be divided into two parts: One describing the metabolism and growth
of the S. cerevisiae cells, and one describing the dynamics of biomass, nutrients and
waste-products in the chemostat. We assume that the time scales of metabolism are
much faster than the dilution rate of the vessel. This allows us to model these two
parts separately.

In formulating our model of S. cerevisiae growth, we will ensure the model has the
following properties:

• At low glucose concentrations respiration is more efficient than fermentation,
whereas at high glucose concentrations fermentation is more efficient. As a
result, the optimal metabolic strategy is condition dependent.

• Fermentation is inhibited by ethanol, but respiration is not. As a result, negative
frequency dependent selection against fermenting strategies can arise.

These properties are biologically plausible, but not necessarily true. We will use
literature data and model fitting to ensure our model is operating under realistic
conditions. However, it is explicitly not our intention to provide an as faithful as
possible model of S. cerevisiae. Rather, we use it to illustrate how such properties give
rise to certain peculiar evolutionary dynamics and how mathematical insights help in
understanding and analysing these.

Self replicator model of Saccharomyces cerevisiae

Our model of S. cerevisiae metabolism and growth is based on the concept of
self-replicator models as introduced by Molenaar et al. [15]. The model is named
self-replicator because although relatively simple, it is a self contained representation
of cellular replication. It contains modules that can represent single enzymes, en-
zyme complexes or whole pathways: namely glucose transport proteins (HXT),
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glycolysis (gly), ethanol production (ferm), respiration including mitochondria (resp)
and ribosomes (rib) (Figure 3.1). The reaction rates of the modules are modelled by
saturation kinetics (Michaelis Menten kinetics). Since different strains of S. cerevisiae
have slightly different enzymes with different kinetic properties, we have made a
model of an ‘average’ S. cerevisiae cell, taking the best measurements or the averages,
in case of more than one valid measurement, of the data we obtained from literature.

The dynamics of the intracellular metabolites are described by ordinary differential
equations (ODEs). We assume that the total amount of ADP and ATP is constant.
With this moiety conservation we replace ADP by a AXP - ATP and only keep track
of the changes in ATP. Therefore the model consists of the following ODE’s:

dglui
dt

= vhxt � vgly (3.16a)

dpyr
dt

= 2vgly � vrib � vferm � vresp (3.16b)

dATP
dt

= 2vgly + 9vresp � 2.4vrib (3.16c)

where glui, pyr and ATP represent the intracellular glucose, pyruvate and ATP
concentration, respectively.

The stoichiometry coefficients were calculated with data from literature. Protein
assembly costs 4 ATP per amino acid [83]. There is an average of 5 C-atoms per
amino acid, and pyruvate consists of 3 C-atoms. Hence, per pyruvate used in biomass
synthesis, 2.4 ATPs are used. For respiration we use 9 ATP per pyruvate, derived
from the maximum of 18 ATP per glucose from respiration [84].

We describe the model with module rate equations, which resemble Michaelis-
Menten kinetics with product inhibition. The kcat’s are interpreted as the turnover
number of the whole module, in the unit mol substrate per mol C-atom in the module
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per hour. The rate equations are given by:

vhxt = kcat,hxt · ehxt

glu�glui
KM,glu,hxt

1 + glu
KM,glu,hxt

+
glui

KM,glu,hxt
+ ki,hxt

glu·glui
KM,glu,hxtKM,glui ,hxt

(3.17a)

vgly = kcat,gly · egly

glui
KM,glui ,gly

ADP
KM,ADP,gly⇣

glui
KM,glui ,gly

+ 1
⌘ ⇣

ADP
KM,ADP,gly

+ 1
⌘ ⇣

1 + pyr
KP,pyr,gly

⌘ (3.17b)

vferm = kcat,ferm · eferm
pyr

(KM,pyr,ferm + pyr)(1 + EtOH
KP,EtOH,ferm

)
⇥ 1

1 + eh(ATP�KI,ATP)

(3.17c)

vresp = kcat,resp · eresp

pyr
KM,pyr,resp

ADP
KM,ADP,resp⇣

pyr
KM,pyr,resp

+ 1
⌘ ⇣

ADP
KM,ADP,resp

+ 1
⌘ ⇥ 1

1 + eh(ATP�KI,ATP)
(3.17d)

vrib = kcat,rib · erib

pyr
KM,pyr,rib

ATP
KM,ATP,rib⇣

pyr
KM,pyr,rib

+ 1
⌘ ⇣

ATP
KM,ATP,rib

+ 1
⌘ (3.17e)

The parameter values for the rate equations are given in tables 3.3 and 3.1. The affin-
ity of a pathway is mostly determined by the affinity of the first enzyme (Pinar
Kaharaman, personal communication), so where possible we assumed that affinity.
The rate equations vresp and vferm are multiplied by an extra factor
(1 � eh(ATP�KI,ATP))�1. This is done to make the model more stable. Otherwise, when
eresp or eferm are too high, these fluxes “outcompete” the ribosome for pyruvate, caus-
ing ATP to accumulate and ADP to deplete, which in turn inhibits glycolysis. As a
result, the model tends to a “trivial” steady state where pyr ! 0, ATP ! AXP and
glui ! glu. We consider this an unrealistic model artefact. The extra factor
(1 � eh(ATP�KI,ATP))�1 is an ad-hoc way to solve this problem. By setting KI,ATP close
to, but below, AXP, and nATP high (we use KI,ATP = 2mM and h = 5) this term will
normally be close to 1, and when ATP exceeds KI,ATP, it will quickly tend to 0 with
increasing ATP, preventing the model from entering the “trivial” steady state. This
term does not influence the behaviour of the model near optimal states.

The specific growth rate, µ, is defined as the biomass synthesis rate per unit
biomass (for details, see [15]). In our model, biomass only consists of enzymes, and
enzyme concentrations are in mmol C-atoms. Since vrib is in mM pyruvate consumed
per hour, and pyruvate contains 3 C-atoms, we have to make a correction to the
ribosome rate to obtain the biomass production rate (vbm). Hence, the specific growth
rate is given by

µ =
vbm
etot

with vbm = 3 · vrib (3.18)

The rate of biomass synthesis depends on the external glucose and ethanol concentra-
tion, glu and EtOH, and on the relative enzyme concentrations. Note that µ does not
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Parameter Value [mM] Reference

KM,hxt,glu 1.19 [85]
ki,hxt 0.91 [85]
KM,gly,glui

0.08 [85]
KM,gly,ADP 1 arbitrary
KP,gly,pyr 21 [85]
KM,ferm,pyr 6 [86]
KP,ferm,EtOH 17 [85]
KM,resp,pyr 0.13⇤ [87]
KM,resp,ADP 1 arbitrary
KM,rib,pyr 1 arbitrary
KM,rib,ATP 1 arbitrary
AXP 3.1 [39]

Table 3.1. Kinetic parameters of the module reactions. *This value of the affinity for pdh was obtained at a
more realistic pH of 6.5 (and comparable to the pH at which pdc was assayed)

depend on the absolute total enzyme concentration. For instance, if all enzyme con-
centrations are doubled, all rates will double as well, cancelling each other in equa-
tion (3.18). We can thus calculate the maximal growth rate (for given glu and EtOH)
by either fixing etot and maximising vrib, or fixing vrib and minimising etot. The latter
is often computationally more efficient.

Chemostat model

Since we assume that the timescales at which metabolism operates are much faster
than the dilution rate, we can use the model above to calculate the growth rate of a
cell (with given enzyme levels e) in a chemostat, as a function of glu and EtOH, i.e.
µ = µ(e, glu, EtOH). The dynamics of biomass, glucose and ethanol in a chemostat
are governed by the following set of ODEs:

dX
dt

= (µ � D) · X (3.19a)

dglu
dt

= D(glu f eed � glu) � 1
YX,S

· µ · X (3.19b)

dEtOH
dt

= µ · YEtOH,X · X � D · EtOH (3.19c)

where D is the dilution rate, X the biomass concentration, glu f eed the glucose concen-
tration in the feed, YXS ⌘ vbms/vhxt the yield of biomass on glucose in gram biomass
per mmol glucose and YEtOH,X ⌘ vferm/vbms the amount of ethanol produced per
unit biomass produced in mmol ethanol per gram biomass.

These equations are easily generalised to a situation where more than one strain is
present in the chemostat. For N strains with different enzyme levels ei, the dynamics
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of the chemostat are given by:

dXi
dt

= (µi � D) · Xi 8i 2 {1, . . . , N} (3.20a)

dglu
dt

= D(glu f eed � glu) �
N

Â
i=1

1
YXS,i

· µi · Xi (3.20b)

dEtOH
dt

=
N

Â
i=1

(µi · YEtOH,X,i · Xi) � D · EtOH (3.20c)

Determination of the pathway costs and fitting to literature data

In formulating our model, we used literature values for the parameters as much as
possible. When this was not possible, we established them by fitting to literature data.
Below, details of these procedures are described, but the overall approach was to:

• Take into account the enzyme investment required for each module.

• Get a maximal growth rate consistent with literature data.

• Make respiration more efficient at low, and fermentation more efficient at high
glucose concentration.

All in all, we fit two parameters to literature data, but these are used to “rescale” many
of the model parameters. The

The pathway kcats are defined as turnover per unit enzyme per hour. It is not
possible to directly relate this to the kcats of the enzymes that constitute the module,
and no experimental data of these is available either. However, some modules
contain much more (for example the respiration module) or much larger enzymes
(the ribosome) than the average module. Therefore, the relative kcats are estimated
based on the number and sizes of the enzymes that make up the module, so as to
account for these “module costs”. To this end, we counted the C-atoms in the amino
acid composition files (fasta files obtained from UniProt [88]) of the proteins in the
module. Table 3.2 lists UniProt ID’s associated with each modules. There are 11984
amino acids in the small and large subunit of the ribosome [89]. The proteins from
the other pathways had an average of 5-carbon atoms per amino acid, and assuming
that this is the same for the ribosomal proteins, we have calculated the carbon content
of a ribosome. This is the same order of magnitude as when we calculate this number
from the weight of the subunits: 1.05 · 106 Dalton for the large subunit and 0.57 · 106

Dalton for the small subunit [90]. When we multiply it by the number of C-atoms per
Dalton in the other pathways we obtain 72465 C-atoms.

The module costs allow us to establish the module kcats relative to one another,
but not their absolute values. To determine these, we used literature data on the
maximal specific growth rate. Since the maximal growth rate is reached by fully
fermenting cells, we could fit the pathway turnover number to a realistic maximal
growth rate. The maximal specific growth rate that we have found in literature, µmax,
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Module Cost in C-atoms Uniprot IDs

Transport 2879.33 hxt (N1NXQ9; N1P133; N1P4M3;
N1PAD0; N1P5B7; N1P268;
N1P0E9; N1P9E5; N1P8P4)

Glycolysis 21225.17 hxk (P17709; P04806; P04807), pgi
(P12709), pfk (P16861; P16862),
ald (P14540), gapdh (P00359;
P00360; P00358), pgk (P00560),
pgm (Q12008; P00950; Q12326),
eno (P00924; P00925), pyk (P00549;
P52489)

Fermentation 4601.25 pdc (P06169; Q07471; P16467;
P26263), adh (P38113; P32771;
P10127; P07246; P00331; P00330;
P25377; Q04894)

Respiration ??? Fitted
Ribosome 59920 Calculated. see text

Table 3.2. Proteins included to calculate pathway costs. Proteins separated by a semicolon (;) are isoen-
zymes, the average of their costs is taken. Proteins separated with a comma (,) are consecutive enzymes in
a pathways, and the sum of their costs (in C atoms) is taken.

of S. cerevisiae is 0.6h�1 [91] . We fitted the absolute values of the module kcats such
that at a fully saturating glucose concentration (glu = 100000mM), and with optimal
(relative) enzyme allocation, a growth rate µ = 0.6h�1 is attained. Table 3.3 lists the
so-obtained pathway kcats.

Next, we still had to determine the costs of the respiration pathway. This was
not possible to obtain from literature, because the costs for mitochondria are difficult
to estimate. Instead, we use these to “fit” the growth rate at which the switch from
respiration to fermentation occurs according to literature data. We used literature
data for the growth rate where fermentation sets in to determine the pathway costs of
respiration. Ethanol production in chemostats with S. cerevisiae sets in at a dilution
rate between 0.25 and 0.28 h�1 [92]. We have assumed that in the middle of this
interval (d = 0.265 h�1), an equal growth rate can be achieved using the fermentation
pathway and the respiration pathway, when there is no ethanol present. The result of
fitting the cost of the respiration module in this manner is that at dilution rates higher
than 0.265h�1 the possibility for coexistence might arise. The pathway turnover
number was divided by the cost of the respiration module to obtain the pathway-kcat
(Table 3.3).
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Parameter Value

kcat,hxt 13 h�1

kcat,resp 0.051 h�1

kcat,rib 0.64 h�1

kcat, f erm 8.3 h�1

kcat,gly 1.8 h�1

Table 3.3. Final module-kcat values

Calculation of the optimal states in the chemostat

Here we describe how an evolutionary stable state of the chemostat can be calculated,
for given dilution rate D and glucose feed concentration glu f eed. As a reminder, we
define an evolutionary stable state as a state where the glucose, ethanol and biomass
concentrations are in steady state, and where no mutant with a different metabolic
strategy (in terms of the ei) can invade.

The self-replicator model of S. cerevisiae discussed above allows us to calculate
the growth rate given the glucose, ethanol and relative enzyme concentrations. In
order to calculate the maximal growth rate of the cell for given glucose and ethanol
concentrations, we fix the ribosome flux and minimize the total amount of enzyme
required to obtain that flux. The optimal strategy is always either purely respiratory
or fermentative. However, it is also possible to calculate the optimal growth rate
given a particular metabolic strategy. This is done by fixing vresp/(vresp + v f erm), and
calculating the minimal enzyme amount required to attain a certain vrib given that
constraint.

We distinguish three phases for optimal cells in the chemostat, related to the
evolutionary stable state:

i Below D = 0.265h�1, only respiration: Below a dilution rate of 0.265h�1 the
respiring strategy outgrows the fermenting strategy, even at 0 mM of ethanol.
Therefore respiring strains will always outcompete fermenting ones

ii Between D = 0.265h�1 and D = 0.358h�1, coexistence of a respiring and
fermenting strain is potentially an evolutionary stable outcome. Whether this is
indeed the case, depends on the glucose concentration in the feed.

iii Above D = 0.358h�1, only fermentation: since the maximal growth rate of
respiring strains is 0.358h�1, at a dilution rate D > 0.358h�1 no respiring strains
can be present.

In phase I we can optimise the model with only a respiratory strain by minimising
total enzyme amount required to attain a certain rate of protein production. By doing
this for a large number of glucose concentrations, and interpolating the results, we
obtain the (optimised) growth rate as function of the glucose concentration, µresp(glu).
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Since in steady state it must hold that

µresp(glu) = D, (3.21)

this can be used to calculate the steady state glucose concentration in the chemostat.
The yield of a respiring stain is fixed, so this also fixes the total biomass density in the
chemostat to:

X = YX,S,resp

⇣
glu f eed � glu

⌘
(3.22)

In phase II we can elucidate the evolutionary stable state by first calculating the
glucose concentration at which the growth rate of the respiring strain equals the
dilution rate; this is given by the solution to the equation solution to equation (3.21).
Next, we can calculate the ethanol concentration at which the fermenting strain has
the same growth rate, at the glucose concentration calculated for the respirer by
solving

µ f erm(glu, EtOH) = D (3.23)

for EtOH (using the value of glu found before). From the glucose feed concentration
and the (known, fixed) ethanol yield unit per biomass produced by a fermenting cell,
we can calculate the biomass density of the fermenting cells,

Xferm = EtOH/YEtOH,X , (3.24)

and the respiring cells,

Xresp = YX,S,resp

✓
glu f eed � glu � EtOH

YEtOH,X · YX,S,ferm

◆
. (3.25)

If glu f eed < glu + EtOH
YEtOH,X ·YX,S,ferm

this equation does not have a (positive) solution.
In that case the glucose feed concentration is too low for enough ethanol to accumulate
to inhibit the fermenting strains to the extent that they grow at the same rate as the
respiring ones, and no coexistence can occur.

In phase III, and in phase II when no coexistence is possible, we can calculate
the ethanol concentration in the fermenter for a specific feed and residual substrate
concentration, since the yield is fixed. With the substrate and ethanol concentration
the growth rate of the fermenting strain can be calculated.

Simulation of evolution in a chemostat

The general scheme of our simulation of evolution in a chemostat is similar to that
used by Beardmore et al. [43]. We restrict the possible phenotypes to N = 50
discrete metabolic strategies, where a metabolic strategy is defined by the relative flux
through respiration: vresp/(vresp + v f erm). The strategies are uniformly distributed
between 0 (fully fermentative) and 1 (fully respiratory). We assume that, throughout
the simulation, the enzyme concentrations of each phenotype are optimal given
the constraint imposed by the strategy. This has both a pragmatic as well as a
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biological motivation. The biological motivation is that we are interested in the effect
of metabolic strategy (fermentation vs. respiration) on fitness and competition in the
chemostat. This is best achieved by assuming all else is optimal, because it avoids
other confounding effects. Pragmatically, assuming all enzymes to be optimal given
the constraint of the strategy greatly reduces the dimensionality of the simulation. It
allows us to model 50 “species”, whereas otherwise we would have to partition each
of these into many others, one for each possible enzyme concentration configuration.

For each phenotype, we first define the function that relates the growth rate to the
glucose and ethanol concentrations. This is done by calculating the optimal µ given
glu and EtOH for a number of different concentrations in the range that is expected
to occur during the simulation, and interpolating the result.

The dynamics are subsequently given by the following set of ODEs:

dXi
dt

= e

N

Â
j=1

(Mij � dij) · Xj + (µi � D) · Xi 8i (3.26a)

dglu
dt

= D(glu f eed � glu) �
N

Â
i=1

µi
YX,S,i

· Xi (3.26b)

dEtOH
dt

=
N

Â
i=1

·YEtOH,X,i · µiXi (3.26c)

These are equivalent to equation (3.19a) except for the first term e ÂN
j=1(Mij � dij) · Xj,

which describes the effect of mutations, modelled as a “flux” from one phenotype to
another. M is the mutation matrix and each element Mij the relative chance that a
mutation in phenotype j gives rises to phenotype i. As such, e ÂN

j=1 MijXj is that rate at
which phenotype i arises by mutations. This is assumed to be exponentially decaying
with the “distance” between phenotypes, i.e., the difference in vresp/(vferm + vresp),
while the columns of M need to sum to 1. This gives:

Mij =
e�|i�j|)/t

Âi e�|i�j|)/t

(3.27)

dij is the Kronecker delta, which is 1 when i = j and 0 otherwise.
In the simulation of the evolution experiments the following parameters were

used: e = 0.001h�1, t = 0.05, glu f eed = 100 mM and D = 0.3h�1. The model was
initialised with a single, mixed strategy present with X, glu and EtOH such that
reactor was in steady state.
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